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BOUNDARY-VALUE PROBLEM FOR AN EQUATION OF MIXED TYPE WITH TWO 
PARABOLIC LINES 

N. M. Flaysher  1 

Many works have been devoted t o  boundary va lue  problems 
f o r  equat ions  of t h e  mixed type w i t h  one pa rabo l i c  l i n e .  
Below we cons ider  a boundary va lue  problem f o r  mixed equa- 
t i o n s  w i t h  two i n t e r s e c t i n g  l i n e s  of a degenera te  type.  
Solu t ion  i s  sought i n  t h e  semi-plane bounded by t h e  charac- 
t e r i s t i c  equat ion.  The problem i s  reduced t o  a system of 
s i n g u l a r  i n t e g r a l  equat ions  whose s o l u t i o n  i s  obta ined  by 
t h e  method developed ( f o r  the  case of one equat ion)  i n  r e f -  
erence 1. 

We t a k e  t h e  fo l lowing  equat ion  f o r  t h e  model equat ion  of a mixed type  with/699* 
two i n t e r s e c t i n g  p a r a b o l i c  l i n e s  

zc,, + 8gn(Cbyb%, = 0. \ (1) 

We use rl  and r2 t o  des igna te  t h e  c h a r a c t e r i s t i c s  x+y=O, x>o andx+y=D, y>O of 

equa t ion  (1) and le t  l?=rlur2.  

t h e  form t]ll(x) on r l  and i n  the  form q2(y) on r2. 
e o ,  y>O and y>O, 

the union of t h e s e  r eg ions  by d ~ .  

The func t ion  $ ass igned  on w i l l  be t aken  i n  

The reg ions  00, - 6 6 0 ;  

+ -y<x<O w i l l  be des igna ted  r e s p e c t i v e l y  by%;,% and%; and 

6% Fina i iy  we ie t  r=JxZ+y2. 

Problem D. To f i n d  t h e  func t ion  u(x, y) which i s  l i m i t e d  f o r  r-m and con- 
- 

t i nuous  i n B  w i t h  d e r i v a t i v e s  ux and u 

assumed t h a t  t h e  o r i g i n  of t h e  coord ina tes  ux and u 

g u l a r i t i e s ) ,  which s a t i s f i e s  equat ion  (1) i n  t h e  r eg ion68  when x#O, y#O and 
when t h e  boundary cond i t ion  i s  u I ~ = I J I .  

which are cont inuous i n s i d e  3 (i t  i s  Y 
may have loga r i thmic  s in -  

Y 

Theorem. I f  Jrl(t) and q 2 ( t )  have a d e r i v a t i v e  i n  (0, m) which s a t i s f i e s  - /700 

t h e  fo l lowing  express ion  f o r  any f i n i t e  va lues  of t 

A 
I+'(t*) - +'t4) l  < Iln 1 t8-tl 11- I 1nJlii I t 2 -  1,111 . . . llnlln. . . ( ln 1 t 8 -  t,l . . .I' (2) 

*Numbers given 
'Saratov S ta te  

i n  margin i n d i c a t e  pagina t ion  i n  o r i g i n a l  f o r e i g n  t e x t .  
University imeni N. G. Chernyshevskiy (Dept. of Computer Math. ) . 
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( 0 0  and p>1 are cons t an t s )  and $ ' ( t )=O( t -q ) ,  q > l  f o r  t-, then  t h e  s o l u t i o n  of 
problem D exis t s  and i s  s ingle-va lued;  t h e  d e r i v a t i v e s  ux and u have l o g a r i t h -  

m i c  s i n g u l a r i t y  a t  t h e  o r i g i n  of t h e  coord ina tes .  

Y 

V 
To prove t h i s  theorem w e  in t roduce  t h e  n o t a t i o n s  v(@) = U,(IP, 0), 0 < <& 

and p(y) = ~ ~ ( 0 ,  y), 0 < y < 00 and consider  t he  Cauchy-Goursat problem 

as w e l l  a s  t h e  Neumann problem 

- 
w i t h  s o l u t i o n  continuous i n % +  and bounded f o r  r-, having a cont inuous der iva-  
t i v e  w i t h  r e spec t  t o  x when x=O and a continuous d e r i v a t i v e  wi th  respect t o  y 
when y=O. 

Solving problems (3) and ( 4 )  w e  f ind ,  r e s p e c t i v e l y ,  t h a t  

And by so lv ing  problem (5) we o b t a i n  (assuming t h a t  t h e  cond i t ion  f o r  t h e  Neu- 
mann problem t o  have a s o l u t i o n  i s  s a t i s f i e d )  

/701 - 0 )  = t ~ ( q  + 0), & ( - O ,  i )= u ( f  0, y) 
1 .+Oo where u o = l i m  u(x,  y) .  The cond i t ions  

now l ead  t o  a system of s i n g u l a r  i n t e g r a l  equa t ions  
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The mettzed of reducing t h e  t o t a l  s i n g u l a r  i n t a g r a l  equat ions  t o  charac- 
t e r i s t i c  equa t ions  i s  app l i ed  t o  system (9) .  
t h e  c a s e  of a s i n g l e  equat ion)  i n  re ference  1. By us ing  t h i s  method i t  i s  easy 
t o  s e e  t h a t  i n  t h e  class o f $  func t ions  which a r e  l imi fed  a t  i d i n i t y  and which 
have a l oga r i thmic  s i n g u l a r i t y  when s=O, system (9) has  a unique s o l u t i o n  

This  method i s  developed ( f o r  

Now i t  i s  easy t o  see t h a t  u,, = JI,(w) +Jls(oo)  - +(O).  By c a r r y i n g  out  a 

d i r e c t  v e r i f i c a t i o n  we convince ourse lves  t h a t  t h e  cond i t ion  f o r  t h e  Neumann 
problem t o  have a s o l u t i o n  (5) i s  s a t i s f i e d  f o r  any q1 and 92 which, i n  t u r n  

s a t i s f y  t h e  cond i t ions  s p e c i f i e d  above. 

By f i n d i n g  v(x) and p(y) t h e  s o l u t i o n  of problem D i s  obta ined  i n  c losed  
The unique v a l u e  of the  so lu t ion  fo l lows  from t h e  equiva lence  of prob- 

I n  t h e  
form. 
l e m  D t o  system (9) and t h e  unique s o l u t i o n  of t h i s  system i n  c l a s s &  
same way i t  can be shown that problem D i s  a l s o  c o r r e c t  f o r  t h e  equa t ion  
yuxx+xuyy=o. 

n neceived - . . . - - . 11/13/65 
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